Noetherian, where M is cancellative and torsion-free. These results are then used in [30, Theorem 2.6] 
to show that Spec(R[M ]) is Noetherian if Spec(R) is
Noetherian and M is a cancellative torsion-free abelian monoid whose quotient group G is ÿnitely generated and has torsion-free rank 6 2. Thus while necessary and su cient conditions on R and M are known for R[M ] to be Noetherian, and for h-Spec(R[M ] to be Noetherian, under reasonable conditions on M , much less is known about when a monoid ring R[M ] is gr-Noetherian, and when Spec(R [M ] ) is Noetherian. The purpose of this note is to determine when a monoid ring R[M ] is gr-Noetherian for a general torsion-free cancellative monoid M , and when Spec(R [M ] ) is Noetherian for a class of monoids M which includes all abelian groups, and thereby illuminate the extent to which these corresponding graded and non-graded conditions are di erent. The condition that Spec(R) (or the space Max(R) of maximal ideals) is Noetherian plays a role for example, in obtaining global bounds on numbers of generators of modules from local bounds [50, 11, 31, 41, Chapter 4] , and in bounding the stable range of rings, [7] (see also [46, Section 4] ), and is a necessary condition for a ring to be Laskerian [20, Theorem 4] , or to be an N-ring, as considered in [21, 27, 26] . There are numerous results in the literature giving necessary and/or su cient conditions on R and M for a semigroup ring R[M ] to have a given property. For example, in addition to Gilmer's book [15] , a partial list of more recent works is [1, 8, [16] [17] [18] [19] [20] [21] [22] 24, 30, [32] [33] [34] [36] [37] [38] [39] 42, 45, 47, 48, 53] . Therefore it is perhaps surprising that the Noetherian spectrum property in monoid rings has not received more attention. Also it is hoped that the results here might be of wider interest since the monoid rings R[M ] are the natural ÿrst cases in the study of general M -graded rings. (See also [2] [3] [4] .)
All rings and monoids in this note will be commutative. A radical ideal of a ring R is an intersection of prime ideals, and Spec(R) is said to be Noetherian if R satisÿes the ascending chain condition (acc) on radical ideals, or equivalently, if each radical ideal of R is the radical of a ÿnitely generated ideal [46] . Similarly, if M is a torsion-free cancellative monoid and R = m∈M R m is an M -graded ring, the space h-Spec(R) of homogeneous prime ideals of R is Noetherian if R satisÿes the acc on homogeneous radical ideals, or equivalently, if each homogeneous radical ideal of R is the radical of a ÿnitely generated homogeneous ideal.
In Section 1 some results on rings with Noetherian spectrum are adapted to monoids, and then a result, Theorem 1.6, on stability of Noetherian spectrum in extension rings is given. This result, together with the fact that Noetherian spectrum is preserved by ÿnitely generated ring extensions [46, Corollary 2.6], plays a role here which is analogous to the role played by the Hilbert basis theorem on the stability of the Noetherian property in extension rings. In Section 2 we consider the di erence between the Noetherian and gr-Noetherian conditions on a monoid ring R [M ] . By the result of Budach mentioned above, R[M ] is Noetherian only in the obvious case that R is Noetherian and M is ÿnitely generated. In contrast, if M is cancellative and torsion-free, R M ] ) is Noetherian. In Section 5, the paper is concluded with some applications to monoid rings which are ZD-rings, Laskerian rings and N-rings.
Radical ÿniteness and Noetherian spectrum
Our main reference for monoid rings is [15] , which we will follow for unexplained notation and terminology. We denote the set of natural numbers by N, and N ∪ {0} by N 0 . In this section some results from [49] on rings with Noetherian spectrum are adapted to monoids, and then a needed result on Noetherian spectrum in integral extension rings is given. Recall that a nonempty subset I of an additive monoid M is called an ideal of M if m + I ⊆ I for each m ∈ M . If I is an ideal of M and if x + y ∈ I for x, y ∈ M implies x ∈ I or y ∈ I , then I is said to be a prime ideal. We give the set Spec(M ) of prime ideals of M the Zariski topology. Thus a closed set in Spec(M ) is a set of the form V (I ) = {P ∈ Spec(M ) | I ⊆ P} for some ideal I of M . If I is an ideal of a monoid M , the radical of I is rad(I ) = {a ∈ M | na ∈ I , for some positive integer n}, and I is a radical ideal of M if I = rad(I ). It follows that rad(I ) is the intersection of the prime ideals of M containing I [15, Theorem 1.1].
Recall that a topological space P is said to be Noetherian if P satisÿes the descending chain condition on closed sets. If P ⊆ Spec(M ), we always give P the relative topology induced from the Zariski topology on Spec(M ). We will call an intersection of members of P a P-radical ideal. It follows that a subset P of Spec(M ) is Noetherian if and only if M has acc on the P-radical ideals of M . An ideal which is an intersection of maximal ideals is called a J-radical ideal. In particular, the set Max(M ) of maximal ideals of M is Noetherian if and only if M has acc on J-radical ideals. Deÿnition 1.1. If P ⊆ Spec(M ), we say that an ideal I of M is P-radically ÿnite if I contains a ÿnitely generated ideal F such that F and I are contained in the same members of P. If P is the set Spec(M ) or the set Max(M ) of maximal ideals, we say radically ÿnite or J-radically ÿnite respectively, for P-radically ÿnite. Proposition 1.2. If P ⊆ Spec(M ), then each ideal of M is P-radically ÿnite if and only if P is a Noetherian topological space.
Proof. (⇐) Suppose there exists an ideal I that is not P-radically ÿnite. Let a 1 ∈ I . Then I * P-rad(a 1 + M ). Let a 2 ∈ I \ P-rad(a 1 + M ). Then P-rad(a 1 + M ) ⊂ P-rad({a 1 ; a 2 } + M ) and I * P-rad({a 1 ; a 2 } + M ), and so on, a contradiction to P being Noetherian.
(⇒) To show that P is Noetherian, let I 1 ⊆ I 2 ⊆ · · · be a chain of P-radical ideals. Let I = ∞ i=1 I i . Then P-rad(I ) = P-rad({a 1 ; : : : ; a n } + M ) for some a 1 ; : : : ; a n ∈ I . Then a 1 ; : : : ; a n ∈ I j for some j and P-rad({a 1 ; : : : ; a n } + M ) ⊆ I j ⊆ P-rad(I ) = P-rad({a 1 ; : : : ; a n } + M ). Therefore I j = I k for all k ¿ j. Corollary 1.3. A monoid M has Noetherian maximal spectrum if and only if each ideal of R is J-radically ÿnite.
In analogy with Cohen's result that a ring R is Noetherian if each prime ideal of R is ÿnitely generated, it is shown in [46, Corollary 2.4 ] that R has Noetherian spectrum if each prime ideal is radically ÿnite. This is extended to P-radically ÿnite in [49, Proposition 1.4] , and the following is the analogue for monoids.
, the set of non-P-radically ÿnite ideals contains maximal members, and any such maximal member is prime.
Proof. The set of non-P-radically ÿnite ideals is easily seen to be inductive. If J is maximal in this set and a 1 + a 2 ∈ J with a 1 ∈ J and a 2 ∈ J , then there are ÿnite sets F i ⊆ J , for i = 1, 2, such that F i ∪ {a i } and (J ∪ {a i }) + M are contained in the same members of P. Then F 1 ∪ F 2 ∪ {a 1 + a 2 } ⊆ J , and if a prime P ∈ P contains 
Graded Noetherian properties of monoid rings
In this section we determine, in Theorem 2.4, when a monoid ring R[M ] is grNoetherian for M cancellative and torsion-free, and give a proof that is similar to that of Theorem 2.4, of a result from [30] on when h-Spec(R[M ]) is Noetherian.
In [23] the following generalization of a well-known theorem is given: Theorem 2.1 (Goto and Yamagishi [23] ). Let H be a ÿnitely generated abelian group and A = h∈H A h an H -graded ring. The following are equivalent:
(1) A is a Noetherian ring. (2) The ring A 0 is Noetherian and A is a ÿnitely generated A 0 -algebra. (3) Every homogeneous ideal of A is ÿnitely generated.
A corollary of the above result, which is given in [23] , is that if R is a ring and M is a submonoid of a ÿnitely generated abelian group, then R[M ] is Noetherian if and only if R is Noetherian and M is ÿnitely generated. This corollary however is a special case of Theorem 2.2 below which is an immediate consequence of a result of Budach [9] . (See [15, Theorem 7.7] .) Budach's result says that if a monoid M has the ascending chain condition on congruences, then M is ÿnitely generated. Theorem 2.2 (Budach [9] and Gilmer [15, Theorem 7.7] ). If R is a ring and M is a monoid, the following are equivalent:
(2) R is Noetherian and M is ÿnitely generated. We also use the following graded version of a well-known result of Cohen, which is probably known, but the author is unaware of a reference. Lemma 2.3. Let M be a cancellative torsion-free monoid, and let R = m∈M R m be an M -graded ring. If I is an ideal of R which is maximal among nonÿnitely generated homogeneous ideals of R, then I is prime. Thus if each homogeneous prime ideal is ÿnitely generated, R is gr-Noetherian.
Proof. To check that I is prime, it su ces to check that if a, b ∈ R are homogeneous and ab ∈ I , then a ∈ I or b ∈ I . If a ∈ I and b ∈ I , let J = (I : R a). Then J is homogeneous and contains b. Let (I; a) = (F; a) and J = GR where F ⊆ I , G ⊆ J are ÿnite sets of homogeneous elements. Then I = (F; Ja) = (F; Ga)R. Indeed if z ∈ I , then z ∈ (I; a) = (F; a). So z = ( r i f i ) + sa, r i ∈ R, f i ∈ F, s ∈ R. Then s ∈ J , and thus z = ( r i f i ) + s i g i a, s i ∈ R, g i ∈ G.
The following result determines when each homogeneous ideal of R[M ] is ÿnitely generated when M is a cancellative torsion-free monoid. Theorem 2.4. If R is a ring and M is a cancellative torsion-free monoid, the following are equivalent.
(2) R is Noetherian and each ideal of M is ÿnitely generated.
, and thus is ÿnitely generated since R[M ] is gr-Noetherian. Let F ⊆ I be a ÿnite set such that
, and thus is ÿnitely generated by (1). Let F ⊆ I be a ÿnite set such that
(2) ⇒ (1) Let P be a homogeneous prime ideal of R[M ]. Then P is generated by (P ∩ R) ∪ (X E(P) ). Since P ∩ R and E(P) are ÿnitely generated, it follows that P is ÿnitely generated. Thus by Lemma 2.3, R[M ] is gr-Noetherian.
Specializing to the case that M is a group, we get the following corollary to Theorem 2.4 and Theorem 2.2.
Corollary 2.5. Let R be a Noetherian ring and G a torsion-free abelian group. Then
is Noetherian if and only if G is ÿnitely generated.
We next give two applications of Theorem 2.4 to integral closure and complete integral closure. The following is a variation of a well known result in which the usual hypothesis that R[M ] is Noetherian is replaced with the weaker hypothesis that R[M ] is gr-Noetherian. Proposition 2.6. Let R be a subring of an integral domain T , let M be a cancellative torsion-free monoid with quotient group G and assume that R[M ] is gr-Noetherian. Then Since there exist examples of non-ÿnitely generated groups which satisfy acc on cyclic subgroups (for example see [14, p. 27] ), it follows from Corollary 2.5 that the conditions in the above result that R[M ] is gr-Noetherian and G has acc on cyclic subgroups are strictly weaker than the condition that R[M ] is Noetherian.
Corollary 2.8. Let R be an integral domain and let M be a cancellative torsion-free monoid with quotient group G. If R[M ] is gr-Noetherian and G has acc on cyclic subgroups, then each (possibly non-homogeneous) principal ideal of R[M ] has only ÿnitely many minimal prime ideals P 1 ; : : : ; P n and height (P i ) 6 1 for each i.
Proof. In [13] an integral domain A is said to be K 0 -domain if some integral extension domain B of A is a Krull domain, and by [13 Of course many more results on Noetherian rings carry over to the set of graded ideals of R[M ], if R[M ] is as above, even without the condition that G has acc on cyclic subgroups, since in this case the set of graded ideals of R[M ] is a Noetherian multiplicative lattice [10, 5] .
The following analogue to Theorem 2.4, on when h-Spec(R[M ]) is Noetherian, follows from [30, Corollary 2.4 and the prooof of Proposition 2.5(1)]. It is given here in order to compare it to the property that Spec(R[M ]) be Noetherian. We also adapt the argument above to give a proof that is somewhat more direct than the one in [30] . It follows from Theorems 2.2, 2.4 and 2.9 that each of the properties
is gr-Noetherian, and (c) h-Spec(R) is Noetherian, depends only on M and R separately, and not on their interrelationship. This is in contrast to the Noetherian property of Spec(R[M ]), as we will see in the following sections. 
(⇐) Let P be a homogeneous prime ideal of R[M ]. Then P is generated by (P ∩ R) ∪ (X E(P) ). Since Spec(R) is Noetherian, P ∩ R is radically ÿnite, and since Spec(M ) is Noetherian, E(P) is radically ÿnite. It follows that P is radically ÿnite.
The di erence between the spaces h-Spec(R[M ]) and Spec(R[M ]) being Noetherian can be seen, for example, by comparing the following corollary to Corollary 4.4.
Corollary 2.10. If R is a ring and G is a torsion-free abelian group, then h-Spec(R[G]) is Noetherian if and only if Spec(R) is Noetherian.
The torsion-free assumption cannot be deleted from Theorem 2.9. For example, if R is a ring and M is a cyclic group of order n ¿ 1, then
, and if P ∈ h-Spec(R[M ]), then P contains 0 = (x − 1)(x n−1 + x n−2 + · · · + 1), and thus P contains (x − 1) or (x n−1 + x n−2 + · · · + 1). But then since P is homogeneous, in either case P must contain 1. 
Recall that a monoid M is said to be periodic if the subsemigroup generated by s is ÿnite for each s ∈ M [15, p. 10].
Lemma 3.1. Let R be a ring and let M be a periodic abelian monoid. The following are equivalent. (1) M=∼ p is ÿnite if R=P has characteristic p ¿ 0 for some prime ideal P of R.
(2) M=∼ a is ÿnite if R=P has characteristic zero for some prime ideal P of R.
Proof. (⇐) By Lemma 3.1, to show that Spec(R[M ]) is Noetherian, it su ces to show that Spec((R P =PR P ) [M ] ) is Noetherian for each P ∈ Spec(R). Thus we may assume R = K is a ÿeld.
First assume that K has characteristic p ¿ 0. By Lemma 3.1 it su ces to show that K[M ] has only ÿnitely many minimal prime ideals. But by [16, Theorem 9.4] , the If a periodic monoid G is cancellative, then G is a group, G is free of asymptotic torsion, and G=∼ p = G=G p where G p = {x ∈ G | p i x = 0 for some i ∈ N}. Thus we have the following corollary to Theorems 3.3 and 3.7 in the case that M is a group.
Corollary 3.5. Let G be a torsion abelian group and let R be a ring. Then Spec(R[G]) (respectively Max(R[G])) is Noetherian if and only if
(1) Spec(R) (respectively Max(R)) is Noetherian and (2) G has only ÿnitely many nonzero p-primary components G p , and if G p is inÿnite, then R=P has characteristic p for each prime (respectively maximal) ideal P.
As another corollary of Theorem 3.3 we have the following result of Gilmer. We have following theorem and corollary for maximal spectrum which are analogous to Theorem 3.3 and Corollary 3.6. (1) M=∼ p is ÿnite if R=P has characteristic p ¿ 0 for some maximal ideal P of R.
(2) M=∼ a is ÿnite if R=P has characteristic zero for some maximal ideal P of R.
Proof. By Lemma 3.2, it su ces to consider the case that R = K is a ÿeld. But then since M is periodic, Max(R[M ]) = Spec(R[M ]). Thus the result holds in this case by Theorem 3.3.
The following corollary was given in [18, Theorem A]. It was also given in [34, 53] without the assumption that R is commutative.
Corollary 3.8 (Gilmer [18], Jespers and Wauters [34] and Wauters and Jespers [53]). Let M an abelian monoid and let R be a ring. Then Max(R[M ]) is ÿnite if and only if Max(R) is ÿnite and either (a)
M=∼ a is ÿnite, or for each maximal ideal P, the characteristic of R=P is a ÿxed prime p and M=∼ p is ÿnite.
Proof. The proof is similar to that of and Corollary 3.6.
Noetherian spectrum of R[M ]
Let U (M ) denote the group of invertible elements of the monoid M . In this section we determine when Spec(R[M ]) is Noetherian in the case that M=U (M ) is a periodic monoid. In particular, this includes the case that M is a group. Proof. By passing to R=P for a prime ideal P, we may assume R is an integral domain. Let If R has characteristic zero, rad(I (∼ i )) = I (∼ ia ) where, for m, n ∈ M m ∼ ia n is deÿned to mean km ∼ i kn for all k greater than some N ∈ N [15, Theorem 9.12], and it follows as above that rad(I (∼ 2 )) properly contains rad(I (∼ 1 )). Therefore U (M ) has ÿnite rank.
Recall that the rank of an abelian group G is the dimension of G ⊗ Z Q over Q, or equivalently, the rank of G is the rank of any free abelian subgroup F of G such that G=F is a torsion group. (1) Spec(R) is Noetherian; (2) F is ÿnitely generated; (3) if R=P has characteristic p ¿ 0 for some prime ideal P of R, then H=∼ p is ÿnite; (4) if R=P has characteristic zero for some prime ideal P of R, then H=∼ a is ÿnite. (1) follows since Noetherian spectrum is preserved under homomorphic images, and part (2) follows by Lemma 4.1. Also, since M=U (M ) and U (M )=F are periodic, M=F is also periodic. Indeed, if x ∈ M , we have nx + U (M ) = kx + U (M ) for some n = k. Suppose nx = kx + u, u ∈ U (M ). We also have n 1 u ∈ F for some n 1 ∈ N. Then n 1 nx + F = n 1 kx + n 1 u + F = n 1 kx + F, and n 1 n = n 1 k. Thus x is periodic. Parts (3) and (4) Now assume that R has characteristic p ¿ 0. Since H=∼ p is ÿnite by hypothesis, the set of ∼ p -equivalence classes of H partitions H into ÿnitely many equivalence classes S 0 ; S 1 ; : : : ; S n , and we index these so that 0 H ∈ S 0 . Let ' : M → H be the canonical map. For each i ∈ {0; 1; : : : ; n} let T i = T ∩ ' −1 (S i ). Then {T i | i = 0; 1; : : : ; n} is a partition of T . Let t 0 = t 0H = 0 M , and for each i ∈ {1; : : : ; n}, choose a t i ∈ T i .
Proof. (⇒) Part
We Now assume that R has characteristic zero. Since H=∼ a is ÿnite by hypothesis, the set of ∼ a -equivalence classes of H partitions H into ÿnitely many equivalence classes S 0 ; S 1 ; : : : ; S n , and we index these so that h ∼ a 0 H for h ∈ S 0 . Then for each i ∈ {0; 1; : : : ; n} let . We may write g = g 0 + g 1 + · · · + g n where g i = g i1 X ti1 + · · · + g iN X tiN and for each i ∈ {0; 1; : : : ; n}, we have t ik ∈ T i for all k, and g ik ∈ R[F] for all i, k.
Fix t ∈ T i for some i. We show that t is integral over R[F][t 1 ; : : : ; t n ]. We have jt + F = jt i + F for all j ¿ K for some positive integer K. So jt ∈ jt i + F for all j ¿ K for some positive integer 
, t 1k ∈ T 1 for all k, and g k ∈ R[F] for all k. Then for each t 1i , we have jt 1i ∈ jt 1 + F, for all j ¿ K for some positive integer K.
We claim that for K su ciently large,
But this is in NKt 1 + F. The claim now follows by expanding (g 1 The following corollary is an analogue, in the case that M is a group, to the result [18, Theorem B] mentioned after Corollary 3.5.
Corollary 4.4. Let G be an abelian group and let R be a ring. Then Spec(R[G]) is Noetherian if and only if Spec(R) is Noetherian and there exists a free subgroup F of G of ÿnite rank such that either (1) G=F is ÿnite, or (2) the characteristic of R is a power of a prime p and (G=F)=∼ p is ÿnite.
We end this section with a result on Noetherian maximal spectrum. 
Laskerian group rings
The purpose of this section is to give some consequences of Corollary 4.4 for Laskerian group rings. But since Laskerian rings are ZD-rings [12, Proposition 7] and have Noetherian spectrum [20, Theorem 4] , we ÿrst consider rings with these properties. Recall that a ring R is said to be a ZD-ring if for each ideal I of R the set Z R (R=I ) = {r ∈ R | ra ∈ I for some a ∈ R \ I } of zero divisors on R=I is a ÿnite union of prime ideals of R [12, 25, 29] . A ring R is said to be Laskerian if each ideal of R is a ÿnite intersection of primary ideals of R [6, 20, 25, 40, 51, 52] . n ] is also a ZD-ring with Noetherian spectrum, and therefore R is Noetherian by [29] .
If the characteristic of R is not a prime power, then G is ÿnitely generated by 
. Let P be a prime ideal of R, let Q be a P-primary ideal of R and let P be the necessarily unique prime ideal of R lying over P. If PR = P , then there are at least two P -primary ideals QR ¡ Q in R such that Q = QR ∩ R = Q ∩ R.
Proof. We may ÿrst localize at R \ P to reduce to the case that R and R are local. Since by [25, Theorem 2.4 ], a ÿnite integral extension of a Laskerian ring is Laskerian, R is Laskerian. It follows from [28, Corollary 4.2] that QR is P -primary.
A composition series for the R -module R =PR has all factors of adjacent terms isomorphic to R =P , the only simple R -module.
So there exists r ∈ R such that y = x − r ∈ P , and then y p = x p − r p ∈ P ∩ R = P. Then R = R[y] and y ∈ P . Further, since the images 1; x; : : : ; x p−1 ∈ R =PR are linearly independent over R=P, y ∈ PR . Since y p ∈ P, y kp ∈ Q some smallest k ∈ N. We claim (QR + y pk−1 R ) ∩ R = Q. The inclusion (QR + y pk−1 R ) ∩ R ⊇ Q is clear. For the opposite inclusion suppose w + r y pk−1 = a ∈ R, w ∈ QR , r ∈ R . Let y p = x p − r p = s. Then s ∈ P, s k ∈ Q, and s k−1 ∈ P\Q. Write w=t 0 +t 1 y+· · ·+t p−1 y p−1 , t i ∈ Q, and r =r 0 +r 1 y+· · ·+r p−1 y p−1 , r i ∈ R. So 
Thus a ∈ R implies a = t 0 + r 1 s k , which is in Q. Since if Q ∩ Q 1 ∩ : : : ∩ Q n = (QR + y pk−1 R ) is a primary decomposition, then (Q ∩R)∩(Q 1 ∩R)∩· · ·∩(Q n ∩R)=(QR +y pk−1 R )∩R=Q is a primary decomposition, the P -primary component Q of QR + y pk−1 R satisÿes Q ∩ R = Q. Since y pk−1 = y p(k−1) y p−1 = s k−1 y p−1 ∈ Q \ QR , we have QR ¡ Q .
Lemma 5.4. Let R and R be as in the above lemma. Let Q be a P-primary ideal of R, let A be an ideal of R with radical P, let P be the necessarily unique prime ideal of R lying over P and assume PR = P . Then if N ∈ Spec(R)\Ass R (R=A)={P; P 1 ; : : : ; P n } properly contains P, then there exists an ideal A of R such that A ∩ R = A and Ass R (R =A ) = {P ; P 1 ; : : : ; P n ; N }, where P i = rad(P i R ) and N = rad(NR ).
Proof. Let A have irredundant primary decomposition A = Q ∩ Q 1 ∩ · · · ∩ Q n with P i = rad(Q i ). It follows from [28, Corollary 4.2] that QR is P -primary and that Q i R is P i -primary for each i. Thus by atness we have a primary decomposition 
Proposition 5.5. Let G be an abelian group and let R be a Laskerian ring having inÿnitely many maximal ideals and assume R has prime power characteristic p n ¿ 0. If R[G] is a ZD-ring with Noetherian spectrum, then G is ÿnitely generated.
Proof. Since R has Noetherian spectrum, R has only ÿnitely many minimal primes. Thus since R has inÿnitely many maximal ideals, dim(R) ¿ 1 and some minimal prime P is contained in inÿnitely many maximal ideals. It follows from Corollary 4.4, that there is a ÿnitely generated subgroup G 1 of G such that G=G 1 = H is a p-group. It su ces to show that H is ÿnitely generated. For this we may replace R[G] with (R=P) [H ] and thus assume R is a domain of characteristic p ¿ 0 having inÿnitely many maximal ideals and that G is a p-group. Assume G is not ÿnitely generated.
Then the augmentation ideal
n i=1 a i = 0} is also not ÿnitely generated [15, Theorem 7.6(5) ]. Further, the ideal I is a prime ideal of R [G] which is contained in inÿnitely many maximal ideals since R[G]=I ∼ = R.
We can write G as a direct limit of its ÿnitely generated subgroups {G | ∈ }. Since G is a p-group, we can recursively deÿne a sequence {G i | i ∈ N 0 } of subgroups of G such that G 0 = {0} and for each i ∈ N, G i is generated by G i−1 and an element x i ∈ G with px i ∈ G i−1 . For each i ∈ N 0 let F i = { ∈ | G ⊇ G i , and G + G i+1 }, and let F = Proof. The ring R is Noetherian by Theorem 5.1. If R has inÿnitely many maximal ideals, then by Proposition 5.5, G is ÿnitely generated and thus R[G] is Noetherian. Now suppose dim(R) ¿ 2, and let P ⊂ Q ⊂ M be a chain of three distinct prime ideals of R. Since R is Noetherian, we may assume that height(M=Q)=height(Q=P)=1. By [35, Theorem 144] , there are inÿnitely many prime ideals Q of R properly between P and M . Let r ∈ M \ P. By the principal ideal theorem in R=P, M is not minimal over rR+P, and since rR+P has only ÿnitely many minimal prime ideals, rR+P is contained in only ÿnitely many of the prime ideals Q with P ⊂ Q ⊂ M . Replacing R with R = R M [1=r]=PR M [1=r], we get a ZD-ring R [G] [12, Proposition 3] with Noetherian spectrum, and R has inÿnitely many maximal ideals. Thus by the above paragraph, G is ÿnitely generated, and therefore R[G] is Noetherian.
We next consider the case that G is a torsion group Proposition 5.7. Let G be a torsion abelian group and let R be a ring whose characteristic is not a prime power. The following are equivalent.
(1) R[G] is a ZD-ring with Noetherian spectrum. (2) R is a ZD-ring with Noetherian spectrum and G is ÿnite.
Proof. Proposition 5.8. Let G be a torsion abelian group and let R be a ring. If either the characteristic of R is not a prime power or R has inÿnitely many maximal ideals, then the following are equivalent.
(1) R[G] is Laskerian.
(2) R is Laskerian, and G is ÿnite.
Proof. (1) ⇒ (2) Since the Laskerian property is preserved by homomorphic images, R is Laskerian. If R has inÿnitely many maximal ideals, then by Proposition 5.5 G is ÿnitely generated. If the characteristic of R is not a prime power, it follows from Corollary 4.4 that G is ÿnite.
(2) ⇒ (1) A ÿnite integral extension of a Laskerian ring is Laskerian by [25, Theorem 2.4] .
